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Abstract. Multiplicity distributions of hadrons produced in central nucleus-nucleus
collisions are studied within the hadron-resonance gas model in the large volume limit.
In the canonical ensemble conservation of three charges (baryon number, electric
charge, and strangeness) is enforced. In addition, in the micro-canonical ensemble
energy conservation is included. An analytical method is used to account for resonance
decays. Multiplicity distributions and scaled variances for negatively charged hadrons
are presented along the chemical freeze-out line of central Pb+Pb (Au+Au) collisions
from SIS to LHC energies. Predictions obtained within different statistical ensembles
are compared with preliminary NA49 experimental results on central Pb+Pb collisions
in the SPS energy range. The measured fluctuations are significantly narrower than a
Poisson reference distribution, and clearly favor expectations for the micro-canonical
ensemble.
21. Introduction
For more than 50 years statistical models of strong interactions [1, 2, 3] have served
as an important tool to investigate high energy nuclear collisions. The main subject
of the past study has been the mean multiplicity of produced hadrons (see e.g. Refs.
[4, 5, 6, 7]). Only recently first measurements of fluctuations of particle multiplicity
[8] and transverse momenta [9] were performed. The growing interest in the study
of fluctuations in strong interactions is motivated by expectations of anomalies in
the vicinity of the onset of deconfinement [10] and in the case when the expanding
system goes through the transition line between quark-gluon plasma and hadron gas
[11]. In particular, a critical point of strongly interacting matter may be signaled by
a characteristic power-law pattern in fluctuations [12]. Apart from being an important
tool in an effort to study the critical behavior, the study of fluctuations within the
statistical hadronization model constitutes an essential test of its validity.
Fluctuations are quantified by the ratio of variance of a multiplicity distribution
to its mean value, the so-called scaled variance. There is a qualitative difference in
the properties of mean multiplicity and scaled variance of multiplicity distributions in
statistical models. In the case of mean multiplicity results obtained within the grand
canonical ensemble (GCE), canonical ensemble (CE), and micro-canonical ensemble
(MCE) approach each other in the large volume limit. One refers here to as the
thermodynamical equivalence of statistical ensembles. It was recently pointed out [13],
that corresponding results for the scaled variance are different in different ensembles,
and thus the scaled variance is sensitive to conservation laws obeyed by a statistical
system. The differences are preserved in the thermodynamic limit.
In this contribution we briefly summarize recent results [14] on multiplicty
fluctuations in the hadron resonance gas model.
We will first discuss a simple example, accessible to analytical solutions, and then
sketch how to generalize the procedure to a general multi-specie hadron gas. Lastly a
comparison of model calculations to recently released NA49 data [15] on charged particle
multiplicity fluctuations is shown.
2. Ultra-relativistic Gas of Neutral Particles
The GCE partition function of an ultra-relativistic gas composed of only neutral
Boltzmann particles is given by:
ZGCE(V, T ) = exp
[
V g
∫
d3p
(2pi)3
e−|p|/T
]
= exp
[
V g
T 3
pi2
]
, (1)
where V is the volume of the system, T its temperature, and g the degeneracy factor
due to the particles internal spin. The number of GCE micro-states with fixed particle
number N is given by the Fourier integral over the generalized GCE partition function:
ZN(V, T ) =
pi∫
−pi
dφN
2pi
e−iNφN exp
[
V g
T 3
pi2
eiφN
]
=
(
V g T
3
pi2
)N
N !
, (2)
3where the Wick-rotated fugacity eiφN is introduced to fix particle number N . The
normalized multiplicity distribution, i.e. the probability to find the system in a state
with exactly N particles is then given by the ratio:
PGCE(N) ≡ Z
N (V, T )
ZGCE(V, T )
=
(
V g T
3
pi2
)N
N !
exp
(
−V gT
3
pi2
)
. (3)
Similarly one can find the number of micro-states in GCE with fixed particle number
N and fixed energy E:
ZN,E(V, T ) =
pi∫
−pi
dφN
2pi
∞∫
−∞
dφE
2pi
e−iNφN e−iEφE exp
[
V g
∫ d3p
(2pi)3
e−|p|/Tei|p|φEeiφN
]
=
(
gV
pi2
)N E3N−1
N ! (3N − 1)! e
−E/T = ZMCE(V,E,N) e−E/T , (4)
where ZMCE(V,E,N) denotes the MCE partition function. The number of
micro-states with fixed energy E, but arbitrary particle number N is simply
ZE(V, T ) = ∞∑
N=1
ZE,N(V, T ) in GCE, or ZMCE(V,E) = ∞∑
N=1
ZMCE(V,E,N) in MCE.
The difference is just that the former includes the Boltzmann weight e−E/T , i.e.
ZE(V, T ) ≡ ZMCE(V,E) e−ET . Consequently the MCE multiplicity distribution is
given by [16, 17]:
PMCE(N) ≡ Z
MCE(V,E,N)
ZMCE(V,E)
=
ZN,E(V, T )
ZE(V, T ) . (5)
Phrased differently, the PMCE(N) can be expressed as the conditional distribution
PGCE(N |E) ≡ PGCE(N,E)/PGCE(E).
The scaled variance of a multiplicity distribution is defined as:
ω ≡ 〈N
2〉 − 〈N〉2
〈N〉 . (6)
It can be shown that in the large volume limit both distributions (3) and (5) have the
same mean value 〈N〉 , but rather different scaled variance [16]. The scaled variance in
MCE converges to ωMCE = 0.25, while in GCE it is equal to one, ωGCE = 1 (Poisson
distribution).
3. Generalization to Multi-Specie Ideal Gas
Above procedure can be easily generalized to a multi-specie hadron resonance gas. When
enforcing conservation of three Abelian charges, Qj = (B, S,Q), as well as energy and
three momentum, Ek = (E, Px, Py, Pz), the MCE partition function is given by [18]:
ZQj ,Ek(V, T, µj) =
[
3∏
j=1
pi∫
−pi
dφj
2pi
e−iQ
jφj
][
4∏
k=1
∞∫
−∞
dφk
2pi
e−iE
kφk
]
exp
[
V
∑
l
ψl(φj, φk)
]
, (7)
where the single particle partition function is:
ψl(φj, φk) =
gl
(2pi)3
∫
d3p ln
(
1± e−
√
m2
l
+p2−µl
T eiq
j
l
φjeiε
k
l
φk
)±1
, (8)
4and the charge vectors qjl and ε
k
l of particle species l, are defined as q
j
l ≡ (bl, sl, ql) and
εkl ≡ (εl, px, py, pz). It can be shown that generally:
ZQj ,Ek(V, T, µj) = ZMCE(V,Qj , Ek) e
Qjµj
T e−
E
T . (9)
Particle number ‘conservation‘ would result in an additional integral.
Above relation has two implications. The first one is technical. In MCE calculations
one has to deal with a heavily oscillating (or even irregular) integrand. The integrants
of Eqs.(4, 7) are however very smooth. For large volume the main contribution comes
from small region around the origin, and an analytical expansion is therefore possible
[19]. ZQj ,Ek(V, T, µj) converges then to a Multivariate-Normal-Distribution, while finite
volume corrections can be given in the form of Hermite polynomials of low order [17].
The analytical approximation is valid only around the maximum of the distribution.
The second implication is more subtle. Rather than calculating the proper MCE
partition functions, one can also, as in Eq.(5), define PMCE(N) through a joint
distribution of energy, momentum, charges and particle number in GCE. PMCE(N)
would then be called the conditional probability distribution, while PGCE(N) is called
the marginal distribution of the partition function (7).
4. Hadron-Resonance Gas Model and NA49 data
In order to predict the energy depedence of P (N) along the chemical freeze-out line
for Pb+Pb (Au+Au) collisions, the freeze-out parameters should be expressed as a
function of collision energy. Here we follow the procedure described in [14, 20]. The
dependence of µB on the collision energy is parameterized as [6]: µB
(√
sNN
)
=
1.308 GeV · (1 + 0.273 √sNN)−1 , where the c.m. nucleon-nucleon collision energy,√
sNN , is taken in units of GeV . The system is assumed to be net strangeness
free, S = 0, and to have the charge to baryon ratio of the initial colliding nuclei,
Q/B = 0.4. These two conditions define the strange, µS, and electric, µQ, chemical
potentials. Temperature is defined by the condition: average energy per particle is
equal to 1 GeV [21]. Finally, the strangeness saturation factor, γS, is parameterized
as [7] γS = 1 − 0.396 exp (− 1.23 T/µB). This determines all parameters of the
model. Although various parameterizations are known in the literature [5, 7], resulting
differences for multiplicity fluctuations are small [14].
For the calculations, an extended version of the THERMUS framework [22] was
used. The THERMUS particle table includes all known hadrons and resonances up
to a mass of about 2.5 GeV and their respective decay channels. We use quantum
statistics, but disregard Breit-Wigner width of resonances. We assume that in the
studied reactions the system volume is large and finite volume corrections to fluctuations
and mean values can be neglected. Resonance decay has been dealt with as described
in [17, 20]. The effect of finite experimental acceptance was taken into account by
an ‘uncorrelated particle‘ approximation [13, 17, 20]. The results for multiplicity
fluctuations of negatively charged hadrons in the full momentum space and a comparison
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Figure 1. Left: The scaled variances for negatively charged particles, ω−, both
primordial and final, along the chemical freeze-out line for central Pb+Pb (Au+Au)
collisions. Different lines present the GCE, CE, and MCE results. Symbols at the
lines for final particles correspond to specific collision energies ranging from SIS to
LHC energies. The arrows show the effect of resonance decay. Right: The lines
show acceptance corrected values for ω− in the SPS energy range. The points show
preliminary data of NA49 [15]. Total (statistical+systematic) errors are indicated.
Figures are taken from [14]
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Figure 2. The ratio of the multiplicity distributions to a Poisson reference distribution
with same mean value for negatively charged hadrons produced in central (1%) Pb+Pb
collisions at 20A GeV, 30A GeV, 40A GeV, 80A GeV, and 158A GeV (from left to
right) in the NA49 acceptance [15]. Preliminary experimental data (solid points) of
NA49 [15] are compared with prediction of the hadron-resonance gas model obtained
within different statistical ensembles, the GCE (dotted lines), the CE (dashed-dotted
lines), and the MCE (solid lines). Figures are taken from [14]
to data in the NA49 acceptance are shown in Fig. 1. The multiplicity distributions in
the NA49 acceptance for central Pb + Pb collisions at 20, 30, 40, 80, and 158AGeV
together with the predictions for the GCE, CE, and MCE versions of the model are
shown in Fig. 2.
The measured multiplicity distributions are significantly narrower than the Poisson
one and allow to distinguish between model results derived within different statistical
ensembles. The data agree surprisingly well with the expectations for the micro-
canonical ensemble and exclude the canonical and grand-canonical ensembles.
6Acknowledgments
We would like to acknowledge frequent and fruitful discussions with F. Becattini, E.
Bratkovskaya, L. Ferroni, S. Ha¨ussler, and G. Torrieri. MH would like to thank the
organizers for financial support and for a greatly enjoyable conference environment.
References
[1] E. Fermi, Prog. Theor. Phys. 5, 570 (1950).
[2] L. D. Landau, Izv. Akad. Nauk SSSR, Ser. Fiz. 17, 51 (1953).
[3] R. Hagedorn, Nucl. Phys. B 24, 93 (1970).
[4] For a recent review see Proceedings of the 3rd International Workshop: The Critical Point and
Onset of Deconfinement, PoS(CPOD2006) (http://pos.sissa.it/), ed. F. Becattini, Firenze,
Italy 3-6 July 2006.
[5] A. Andronic, P. Braun-Munzinger and J. Stachel, Nucl. Phys. A 772, 167 (2006).
[6] J. Cleymans, H. Oeschler, K. Redlich and S. Wheaton, Phys. Rev. C 73, 034905 (2006).
[7] F. Becattini, J. Manninen and M. Gaz´dzicki, Phys. Rev. C 73, 044905 (2006).
[8] S.V. Afanasev et al., [NA49 Collaboration], Phys. Rev. Lett. 86, 1965 (2001); M.M. Aggarwal
et al., [WA98 Collaboration], Phys. Rev. C 65, 054912 (2002); J. Adams et al., [STAR
Collaboration], Phys. Rev. C 68, 044905 (2003); C. Roland et al., [NA49 Collaboration], J.
Phys. G 30 S1381 (2004); C. Alt et al. [NA49 Collaboration], Phys. Rev. C 70 (2004) 064903;
Z.W. Chai et al., [PHOBOS Collaboration], J. Phys. Conf.Ser. 27, 128 (2005); C. Alt et al.
[NA49 Collaboration], Phys. Rev. C 75, 064904 (2007). [arXiv:nucl-ex/0612010].
[9] H. Appelshauser et al. [NA49 Collaboration], Phys. Lett. B 459, 679 (1999); D. Adamova
et al., [CERES Collaboration], Nucl. Phys. A 727, 97 (2003); T. Anticic et al., [NA49
Collaboration], Phys. Rev. C 70, 034902 (2004); S.S. Adler et al., [PHENIX Collaboration],
Phys. Rev. Lett. 93, 092301 (2004); J. Adams et al., [STAR Collaboration], Phys. Rev. C
71, 064906 (2005).
[10] M. Gaz´dzicki, M. I. Gorenstein and S. Mrowczynski, Phys. Lett. B 585, 115 (2004);
M. I. Gorenstein, M. Gaz´dzicki and O. S. Zozulya, Phys. Lett. B 585, 237 (2004).
[11] I.N. Mishustin, Phys. Rev. Lett. 82, 4779 (1999); Nucl. Phys. A 681, 56-63 (2001); H.
Heiselberg and A.D. Jackson, Phys. Rev. C 63, 064904 (2001).
[12] M.A. Stephanov, K. Rajagopal, and E.V. Shuryak, Phys. Rev. Lett. 81, 4816 (1998); Phys.
Rev. D 60,114028 (1999); M.A. Stephanov, Acta Phys.Polon.B 35 2939 (2004).
[13] V.V. Begun, M. Gaz´dzicki, M.I. Gorenstein, and O.S. Zozulya, Phys. Rev. C 70, 034901 (2004).
[14] V. V. Begun, M. Gaz´dzicki, M. I. Gorenstein, M. Hauer, V. P. Konchakovski and B. Lungwitz,
Phys. Rev. C 76, 024902 (2007).
[15] B. Lungwitz et al. [NA49 Collaboration], PoS C FRNC2006, 024 (2006).
[16] V.V. Begun, M.I. Gorenstein, A.P. Kostyuk, and O.S. Zozulya, Phys. Rev. C 71, 054904
(2005).
[17] M. Hauer, V. V. Begun and M. I. Gorenstein, arXiv:0706.3290 [nucl-th].
[18] F. Becattini and L. Ferroni, Eur. Phys. J. C 35, 243 (2004).
[19] F. Becattini, A. Kera¨nen, L. Ferroni and T. Gabbriellini, Phys. Rev. C 72 (2005) 064904.
[20] V.V. Begun, M.I. Gorenstein, M. Hauer, V.P. Konchakovski, and O.S. Zozulya, Phys. Rev. C
74, 044903 (2006).
[21] J. Cleymans and K. Redlich, Phys. Rev. Lett. 81, 5284 (1998).
[22] S. Wheaton and J. Cleymans, arXiv:hep-ph/0407174.
